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«3unaere, 6bLIO GbI BIIOJIHE JOCTATOYHO
10-HACTOSILEMY TOHATDH SJIEKTPOH».
A. Dtnwmetin, uur. o [27]

«DJIEKTPOH TaK K€ Heucuepnaem, Kak u
aToM, npupoja GecKoHevHa. . . »
B. H. Yavanos [28]

«...TEOPHIO IJIEKTPOHA HEJIb351 CUUTATH
3aKOHYEHHOM, [IOCKOJIbKY €l MPHCYLH
BHYTPCHHUE JIOTHYE€CKHE ITPOTHBOPEUHUS».
Dusuneckuti snyuxaoneduqeckuts
crosapu [29]

BBenenue

B macrosuieit pabore B KauecTBe 0a3HMCHONO MHOroobpas3usi Ipu-
HATO npocmparcmeo Munkogckozo — YeTBIPEXMEPHOE BElIeCTBEeHHOE
MCeBIOEBKNIOBO npocTpaHcTBo Tuna (1, 3) ¢ dbukcupoBannoit Bpe-
MEHHO! OpHeHTalpeil. YCJIOBHe, Kacalollleecss BpEMEHHOH OpHUeHTAINH,
He BKJ04aeMoe OObIYHO B NMOHATHE IPOocTpancTBa MUHKOBCKOrO, 1pu-
HSITO 3J€Ch C UEJIbIO COTJIACOBAHUS JIJISI PA3HBIX 0OBEKTOB B 3TOM IIPO-
CTPaHCTBE MOHATHI npouuioro U 6yaymero. PukcupoBaTs BPEMEHHYIO
OPHUEHTANUIO IPOCTPAHCTBa — O3HAYAET 1I0APA3IEIUTh COIVIAaCOBAHHBIM
06pa3oM NéJIbl BCEX CBETOBBIX (M30TPOIMIbIX) KOHYCOB Ha JIBA BUJA: Ha
moJibl Byayinero u nossl npouwioro. CornacoBaHHOCTh MOApa3esieHnst
[I0J1 O3HAYAET, YTO MPH COBMEWIEHUH JTIOOBIX JIBYX CBETOBBIX KOHYCOB
OyTeM NapajijieJibHOrO CABUra OJHOIO M3 HUX 0DS3aTeJIbHO COBMeNja-
I0TC# JIPYT C APYrOM OJHOMMeHHbIe moJbl. ITosnbt Hyayiero umenyiores
TaK>K€ CBETOBBIMHM KOHyCaMmu OyJyIlero, a IoJjibl NPONIJIOr0 — CBETO-
BbIMH KOHYyCaMH Ipouuioro. Bee BeKTOphl IpocTpaHcTBa MUHKOBCKOrO
MOAPA3ENSIOTCA Ha BPEeMEHUIIOI00HbIE, IPOCTPAHCTBEHHONOI00HbIE 1
uzoTponssle. [IepBble UMEOT MOJIOXKUTENbHDbIE CKAJIAPHbIE KBaJpaThl,
BTOpble — OTPHUIATENIbHbIE, TPETHU — HyJleBble. BpeMenunonobubie Bek-
TOPBI ¢ HadaJlOM B BepUIMHE CBETOBOI'O KOHYCa M KOHIIOM BO BHYTDE€H-
Hell ofyiacTu KoHyca OyAyliero Ha3plBaloOTCsl OPUEHTHPOBAHHBIMHU (HIH
HaIpaBJIeHHBIMA) B CTOPOHY Oyayuiero. IIpoTHBONONOXHBIE K HUM BeK-
TOPbI Ha3bIBAIOTCS OPUEHTHPOBAHHBIMU B CTOPOHY MPOILJIOTO.

B nasbHelimeM npocTpaHcTBO MHUHKOBCKOIO M aCCOLMUPOBAHHOE C
HUM BEKTOPHOE IPOCTPAHCTBO 0003HAYMAI0TCH OOHUM cumMBoJioM M . Mo-
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ayab (nymHa) BekTOpa X € M noHmMaeTcs KaK BeIeCTBEHHOE HEOTpH-
uaTesibHOe YueaIo |X| = /|x - x| (Touka -- 3HAK CKAJISIPHOTO YMHOXe-
Hus). BekTopbl eAUMHNYHOM JyiuHbl UMeryIoTca opTaMi. OpT X Ha3bIBa-
eTcs eJMHUYHDBIM, eCIi X-X = 1, 1 MHUMOEJUHUYHBIM, eC/Id X X = —1.
Paccrosinue Mexx 1y JByMs TOYKaMu IIPOCTPaHCTBa MUHKOBCKOI'O olpe-
JeJisieTCcd KAk JUIMHA BeKTOPa, COeQUHSIIONIEro 3TH TOYKU. YTOJ MeX-
Jly BPEeMEHHUNOAOOHBIMK BEKTOPAMU Mbl 0003HaYaeM, cleys TPaIULiH,
C HCIIOJIb30BaHHEM CHMBOJIa MHUMOIl €JUHUIIbI ¢, HAIpuMep, ip. Ponb
CHUMBOJIA § 3eCh COCTOUT JIMIIb B HAIIOMHHAHUY O HEOOXOJUMOCTH MpH
ONEPUPOBaHHH 3THUMM YIVIAMU NMPUMEHSITH rumnepbosudeckue hbyHKIHU
BMECTO TPUIOHOMETpHuUecKuX. Mbl ucnoib3yem 3Hauku L u || ays o6o-
3Ha4YeHUsi COOTBETCTBEHHO OPTOrOHAJBHOCTH U MaPAJIIECJIbHOCTH BEKTO-
POB, NIPSIMOJIUHEHHBIX OTPE3KOB U NoAnpocTpaHcTB. Bee Berpevatoniye-
cs1 byHKIUH cIUTAIOTCS HenpepbiBHO AuddepernupyembiMu TpebyemMoe
YUCIIO pas.

Hywmepauust dopmys, TeopeM 1 pUCyHKOB — eAuHasi 1O BCel paboTe U BKJIIOY3eT
B cebst HOMep pa3jesa U HOMep (POPMyJIbl, TEOPEMbl HMJIM PHCYHKa B 3TOM pasjese

(nanpumep, Teopema 9.2 — Bropasi TeopeMa B pa3a. 9). Cumson M o3Hauaer xonel
JOKa3aTeNbCTBA.

B wmacrosinieil paboTe TEPMUHBL «3/IeMEHTApHAs YaCTULA», <«3JI€K-
TPOH» U UM OAOOHBIE 0603HAYAIOT 0O'bEKTHI PEAIbHOr0 MUPA; Nod mep-
MUHOM <«YACTNUYUGS NOHUMAEMCA TOALKO CTMPOAULAACA MATEMATIU-
YeCcKas KOHCMPYKYUA.



1. «ToueuHnasi» yacTuna

IIpu nocTpoennyn Teopuu j1EMEHTApHBIX YACTUL, €CTECTBEHHO Ibl-
TaThCA MOJEJIUPOBATH HMX F€OMETPUYECKUMH OObEKTaMH B IPOCTPAH-
crBe Munkosckoro M. B paborax [1, 2] npemnoxkena cieayomas Mo-
JeJib 3J1€KTPOHa, B PAMKaX KOTOPOI €ro CHMMETPHsI OITHUCHIBAETCS IPYTI-
TI0ii JIOPEHLIEBBIX NPeobpPa30BAHUN, COXPAHSAIOUINX BPEMEHHYIO OpHEH-
Taluio npocrparcrsa M. B aToit Mozesn 3eKTPOH WIH, TOUHee, ero
reoMeTpUYecKuil obpa3, uMeHyeMbIll wacmuyed, NpeacTaBiasteT coboii
COBOKYIIHOCTh BPEMEHHUIIO00HBIX HPSIMBIX, KOTOpbIE MEPEeCceKalOTCs B
OJHOM TOYKE — UYeHMpe YacCTULBl — U PABHOMEPHO 3aIOJHSIOT BHYT-
PEHHOCTb CBETOBOrO KOHYCa ¢ BepIIMHON B 3TOi Touke. IIpamele, co-
CTaBJISIOIIME YaCTHILY, HA3BaHbl AY4aMU  UHTEPIPETHPOBAHDBI KAK I'€o-
MeTpUYecKne o0pa3bl HEKMX PEAVIbHO CYIIECTBYIOMIMX MaTepuasbHbIX
obbexToB (puc.1.1). Cunraercs, 9T0 Jy4H ABHXKYTCH B POCTPAHCTBE
M corsacoBaHHBIM OOPa30M TaK, YTO LIEHTP YACTHIBI «3ameTaeT»B M
HEKOTOPYIO BPEMEHHIOJOOHYIO JIMHUIO — MUPOSYI0 AUHUIN HACTHLI.
Kaxxnomy asieMeHTy jyda HOCTaBJIEH B COOTBETCTBUE AHTHCUMMETPHU -
HbIA JIBYXBaJIEHTHbIA TeHsop (buBexTop)

QOjo‘jqua (1-1)

rlie qo — HAIPaBJALUI OPT Jy4ya, OPUEHTUPOBAHHBIN B CTOPOHY Oy-
AYIIEro; jo — CKOPOCTD 3jileMeHTa Jiy4a (onpejessieMast Kak NPOH3BO/I-
Hasi BEKTOpa IIepeMelIeHus JIEMEHTa [0 HaTypPajlbHOMY HapaMeTpy Ha
MHPOBO#H JIMHHH 9aCTHIBb!); TEH30PHOE NPOU3BEIcHHE BEKTOPOB 34€eCh H
nasiee 0603HaYeHO 6e3 3HAKa YMHOXKEHUsI MEXKAY COMHOMKHTEJSIMH.
Benencrsue asukeHust 9acTHIBI BIOJIb MHPOBOI JIUHUH, epe3 KaxK-
Ay10 (PUKCUPOBAHHYIO TOYKY T IPOCTPAHCTBA M IPOXOJAT JIy4ud JacTH-
pl OT PAa3JIMYHBIX €€ PACIOOKEHHI Ha MUPOBo# suHuK (cM. puc. 1.1).
WnrerpnpoBaHue TEH30pa (1.1) [I0 BCEM TaKHUM PAacCIOJIOXKEHUAM 4Ya-
CTHILIBI C BECOM, NPONOPLHUOHAJIBHBIM INIOTHOCTH Jiy4Yel B OKPECTHOCTH
Z, maeT OOBIYHBIA (MaKCBEJJIOBCKHI) TEH30P 9JIEKTPOMArHATHOIO HOJIst

JBH2KYLIErocsi TOYEYHOro 3apana.

npﬂ pacyere y4YUTbIBAIOTCA TOJbKO T€ PACIOJIOXKEHHUs 4YaCTHLbI, IIPH KOTOPbIX
LHEHTD HYaCTHULIbl HAXOAUTCSA B CBETOBOM KOHYCE MNPOLUJIOrO TOYKH ZT; €AUHCTBEHHbIM
MOArOHOYHbIM TAPaMETPOM CJIY>KHMT CKAaJISIpHbIH MHOXKHTEJb, NPONOPLUHOHAJILHBIN
oblieMy 4HCHIy Jiyyeit M NPUHUMAEMbIM paBHbIM 47e, rae e — 3apaf dJIEKTPOHa;
ypaBHeHusi MakcBesuia He HCHOJIL3YIOTCS; JUCKPETHbI Habop Jydelt 3aMeHseTCs
34€Cb KOHTHHYAJIbHBIM HUX MHO>XK€CTBOM HOAO6HO TOMY, KaK B MAKpOMeXaHHKe TB.YIE(l,
COCTOsAMIME U3 ,I(PICer’I‘HOFX COBOKYITHOCTH aTOMOB, IIPEeACTaBJIAIOTCHA CIIJIOLIHOM cpe-
JOiA.



Puc. 1.1. JIpa nonoxkenus 4acTULbI I3 MUPOBOH JiM-
HUH.

Vsl 4@ MeXAY KacareJbHbIM OPTOM i K MupoBoit nunuu L
M HaMpPaBJSIOWHMMHA OPTaMHU JIyHel o He MEHSIOTCS NP JBUIKE-
HMM 4acTHUb! (TOHKHE LUTPHXOBBIE JIMHHM — CBETOBbIE KOHYCBI;
i — MHUMas equHMLE; [ -— HaTypaJibHbll napameTp Ha L; £ —
TNIPOM3BOJIbHAST TOUKa NPOCTpaHcTBa MuHKOBCKoro M).

B cnyyae 4acTHubl KOHEYHOrO paAuyca NpsiMble, MPOXOAs-
HIMe Yepe3 LEHTP YacTHLBL, — OCcH Jiydelt; Qo — HaNpaBIasOMA
OpT OCH JIy4a.

Takum 06pa3oM, JaHHAsi MOJENb COEUMHAET B OHOM O00bEKTe OObItI-
HO pa3jm4aeMble MeXy co00il 3JIeKTPHYECKH 3apsKEHHYIO YACTHILY
¥ CO3/1aBaeMoe €10 JIEKTPOMArHuTHoe moJie. B pamkax stoil mozenu
3JIEKTPOH NpPEACTaBIIsieT co0Oit CTPYKTYPY U3 YKA3aHHBIX BBIIIE JIy4eit,
KOTOpasi IPOCTHPAaeTCs OT TOYKH, HA3BAaHHONH LEHTPOM YacTHIBI, JO
GECKOHEYHOCTH BO BCEX BPEMEHUIIONOOHBIX HAlPaBJIeHUsIX. JTa CTPYK-
Typa OperosaraeTcsi OJUHAKOBOH BO BCe MOMEHTHI BPEMEHH, HHaye
rOBOPsI, 3JIGKTPOH PACCMATPHUBaeTcs Kak Hededopmupyemutli 0ObeKT,
JBHXKYIUMIHCH Kak Liejioe B npoctpaHcTBe M (XOTst mpu 9TOM €OCTaB-
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JIAIOUIUE €r0 JIYYH MOT'YT JABUIAThCS HEOAMHAKOBbIM 00pa3oM, IOCKOJIb-
Ky IPOM3BOJIbHOE 106aBOYHOE JBHMXKEHHE JIydell BAOJb caMuX cebsi He
U3MeHsieT KOHMUIrypauIo YACTHILI M HE BJIUSAET Ha 3HAYEHHE TEeH30pa
(1.1) ). BmecTe ¢ TeM OONyCKaeTCst 63aUMONPOHUKHOGEHUE JIydel pas-
JIMYHDBIX YaCTHL, YTO COOTBETCTBYET NPHHIMUIY CYEPHO3ULMH 3JIEKTPO-
MarHUTHBIX To/iei. B ¢BsA3u ¢ TeM, 4TO B paMKax JaHHOH Mojaenu 4a-
CTHULA UMEET B TpexMepHOM (H3UYECKOM IPOCTPAHCTBE, COMYTCTBYIO-
LM IEHTPY YUaCTHIIbI, HYJIEBOI pa3Mep, Mbl Ha3bIBaeM TaKylo YaCTHUILY
«MoueyHolu».



2. YacTuna KOHe4YHOro paauyca

VcoBepieHCTByeM MOZIEJNb TAaKUM 00pa3oM, YTOOBI OHA OMHUCHIBAJIA
CnuM INMEKTPOHA, TO €CTb €ro COOCTBEHHBIM MOMEHT KOJHYECTBA JIBU-
>keHud. s 3TOro mpUAaauM IacTHIle HEHyJIeBOW pa3Mmep B dusuye-
CKOM IPOCTPaHCTBE M BBeJAEM BpallleHUd Jiydell, BOCIpHMHEMAaeMble U3-
HYTPH (PU3UIECKOrO POCTPAHCTBA KaK BPallleH)sl, OAMHAKOBbIE€ EOKPYT
Bcex HanpasJiyieHnit. Takyio MoJePHU3ALMIO MOAEJIH OCYIIECTBHM MyTeM
YCJIOXKHEHHdA CTPOEHHS JIy4eil.

Urak, B nanbHeiinieM Mbl OyeM IO-IPEXXHEMY Ha3bIBATh “ACMU-
yeti reoMeTpudecKuii 06bekT B npocTpancTse Munkosckoro M, npen-
cTaBJisioIuit coboli onpenesieHHYI0 COBOKynHoOCTh jydueit. Ho reneps
OyeM moJsiaraTh, YTO KaXKIBIH AYw €CTh HEKUil BUHTOOOPa3HbI COBEKT
C BPEMEHUNOJO0HOM 0ChIO, KOTOPbIY COCTOUT M3 Ty IUTYK OJUHAKOBBIX
«TOJICTHIX» BUHTOBBIX JIMHUH U BpalaeTcs BOKPYT croeit ocu (puc. 2.1).
HajuM neranbHOe ONMCaHue 3TON KOHCTPYKIMH.

HatneMm ¢ onpenenenus oceit Jjy-
yeti. HazoseM ocamu syyeit vactu-
bl BpeMeHHMNoA00HbIE IPAMEIE, KO-
TOpPbIE [IEPECEKAIOTCA B ONHON TOY-
Ke — uenmpe YaCTUIbl — M paB-
HOMEPHO pacrpejiefIeHbl 10 BHYT-
PEHHOCTH CBETOBOI'O KOHYC& 3TOMN
ToukH. (Takoe ompeznesnenre bl
IIPUHAMAEM JJIsi TOro, YTobbl rpu
«B3rJigfiey Ha JacTHI U3JaJIH, KO-
rja BHyTpPEHHee CTPOeHHUe Jiy yeit He
pa3yIu4uMO, JIyYd BBIMJISAETIH KakK
npsiMble JIMHUM, & BCA 4acTala —
B TOYHOCTH KaK <«TO4YEYHas(» 4Ya-
CTUIA, PACCMOTPEHHAA B IIPeAbIY-
wemM paszene.) Bero cosoxynHocTh
oceil Jydeil Ha30BEM 0CMOBOM Ya-
CTHUIBI, a MUPOBYIO JIMHUIO LIEHTPA
YaCTULBL -— MUposolt auruel Ja-
cruupl (cM. puc. 1.1).

Tenepp neranu3upyem NOHATHE
Puc. 2.1. Opun u3 nyyeit Jyda.

YaCcTHIBI.
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3abukcHpyeM HEKOTOPOe PaCIOJIOKEHHE OCTOBA YaCTHUIBI B IPO-
crparerse M. IlycTh B 3TOM pacloONOXKeHUH HEHTP YSCTHILI HAXOJUT-
ca B Touke O € M. 3azanuM, KpoMe TOro, Kakoi-iubo eIuHIYHbIMA
BPEMEHHUIIONO00HbIN! BEKTOD 1, OPUEHTHPOBAHHBIA B CTOPOHY OyIymiero
U OTJIOXKEHHBIH OT IIEHTPa YacTHUUH! (3TOT BEKTOP B JajbHeiimem GygeT
urpaTh poJib HaIPABJISIIOIErO OPTa OCH CHMMETPHH YacTHipb!). B cooT-
BETCTBHUHU C TOJIBKO YTO CKA3aHHBIM, OCH JIy4ell eCTh BpeMEeHUIIOA06HbIe
HpsiMbIe, NMpOXoAsiipe vepe3 UHeHTp 4dacTHibl. OBGO3HaYHM CHMBOJIOM
(o HAMPaBJSOMAA OPT OCH HPOU3IBOJIBHOIO JIyda, TOXE OPHEHTHPO-
BAaHHBLI{ B CTOPOHY OYAYLIEro U OTJIOXKEHHBIH OT HeHTpa 9acTunpsl. Opr
Qo — CBOM AJIST KaXKJOro Jy4a, BEKTOP i — eJuHbil I BCel 4aCTHIIbI
(Qo - Qo =i-i= 1)-

B TIOCNeAyomuXx pa3jenax rnpyu OnvMCaHMu ABM KEHHs 4aCTHUbI B HpOCTpaHCTBe
M Touxa O GyzeT npeAcTaBAATb COGON OHY M3 TOYEK MUPOBON JTHHUHM YaCTHUBLI, &
opT i npyU OnpenesieHHbIX TUMaX ABUXKEHHUA YaCTHLbI ﬁyne’r CIIY2XUTb HANpaBJIsiiO-

LU¥M OPTOM KaCaTEeNbHOM K MHPOBON JIMHUHM B TOUKE HAXOXKAEHHSI LEHTPa YaCTHIUbI,
KakK 3T0 u306pakeHo Ha puc. 1.1.

BeeneM 1yist KaXKA0if OCH Jiyda TaKoe COAEpIKalliee ee TpeXMepHoe
adbunnoe nognpocrpancrso Cq, C M, JJIs KOTOPOro acCOLMUPOBaH-
HBIM EE€KTOPHBIM [TPOCTPAHCTBOM CJLYXKHT

Lin{qo} ® Lin*{i, q@o}  (npn qo #1), (2.1)
rae cumson Lin{x, y, ...} ofo3HauaeT auHEHHYIO0 060JOYUKY BEKTOPOB
X, Y, ... ; BepxHuii 3Ha40K | — mepexoi K OPTOrOHAJLHOMY JOMOJIHe-

HUIO B BEKTOPHOM MPOCTPAHCTBE, aCCOUMMPOBAHHOM C M; 3HaK @ —
OpsAMasi cyMMa BEKTOPHBIX HpocTpaHcTB. [lJisi ocu siyda ¢ HampaBJs-
IOLEM OPTOM (o, PaBHBIM i, nosmpocrpancro Cq, onpeaensercs He
€JIMHCTBEHHBIM 00Pa30M; TaKylo OCh MCKJIIOYMM M3 paccMoTpeHus (6e3
yiepba 1jis najbHefiniero).

VYenosuMest 0603Ha9aTh Kaxcgoe addunroe (Todeunoe) npocTpan-
CTBO M aCCOLUMHMPOBAHHOE ¢ HAM BEKTOPHOE IPOCTPAHCTBO €MHBIM CHM-
BoJioM. B wactHoCTH, B nanbHeitmeM cumposoM Cq, OyaeM 06o3HavaTh
HApSALY C YKa3aHHBIM adUHHBIM MOAIPOCTPAHCTBOM elle M BEKTOp-
noe npocrpanctso (2.1). Cumsonom Lin{qo} Gyzem obo3na4ars BMe-
CT€ C BEKTOPHBIM IIPOCTPAHCTBOM TAK¥e BPEMEHHIIOZOBHYIO MPAMYIO,
CIyXamyio ocko Jyda. 3amucs Lint{i, qo} (npu qo # i) 6ymem uc-
MOJIL30BaTh JJi 0DO3HAYMEHUs KaK BEKTOPHOro MPOCTPaHCTBa, TAK H
OPTOTOHAJIBHOM K OPTY 1 ¥ K OCH Jiy 9a IIPOCTPAHCTBEHHONIOAO6HOM 11/10C-
KOCTH, IPOXOAsAIiel Yepes3 LEHTP YaCTHIbI. 3aMeTHM, YTO NepecedcHue
Lin{qo} N Lin{i, qo} ecTs uentp 4acruupL.
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Banaaum B mnockoctu Lint{i, qo} C Cq, urypy, cocrosuyio
U3 71, WITYK OAMHAKOBBIX KPYIOB PajHyca Dy, KOTOPbIE KacaloTcs Apyr
APYra ¥ HeHTPbl KOTOPBIX PACIHOJIAraIOTCA BAOIL OKPYKHOCTH PaaHyca.
7+ ¢ nenrpoM B Touke O (puc.2.2). (s majibHeiniero ne UMeer 3Ha-
YCHUSA, ABJIAIOTCA KPYIrH 3aMKHYTbIMH MHOXKeCTBaMH HJIH OTKPbIThIMHA,
TO €CTb COJIEPXKAT MJIH HE COAEP?KAT OHH CBOM IPAHHIbL; Tx > Pi > 0.)
U3 pucynka jierko BUIETH, YTO

Ps = Ty sin nl . (2.2)

*

Puc. 2.2. Ilonepeurnoe ceyenne ay4ya.

IToxa3auHoe KOJIMYECTBO KPYrOB — YCJIOBHOE.

JIywom ¢ ockio Lin{qe} Hazsosem TpexmepHblil BUHTOOGPa3HBIH
o6bekr B Cq,, KOTOPLI «3aMeTeT»> JaHHas (purypa, €Ciu NPUIATh
eit punroBoe npmwkenue B Cq, BAONL ocu Lin{qo}, To ects ecim
nepeMewiaTh (urypy napasuesnbsHo camoil cebe Bmonb ocm Lin{qo}
C OJHOBPEMEHHBIM BpalleHHEM ee BOKDYT 3Tol 2Ke ocu (OTMETHM,
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gro npsiMasti Lin{qo} opTOroHajbHa MIOCKOCTH 3ajieraHusi (PUrYPHI
Lin*{i, qo})- Ilpu Taxom nprkenuu purypbl Kax/ias ee ToUKa «3aMe-
161> B Cq, HEKOTOPYIO BHUHTOBYIO JIMHHIO, KOTOPYIO OyZeM Ha3biBaTh
numoio (puc. 2.3). Hury, nopoxaembie 11leHTpasIbHBIME TOYKAMH KPY-
OB, BXOJAIIUX B COCTaB (PUTYPBI, HA30BEM UYEHIMPAALHUMY HUTNAMU.
CoBOKYTIHOCTH HUTEMN, KOTOPHIE TIOPOXKIAIOTCA BCEMM TOYKAMHU OJHOTO
Kpyra, €CThb Ta caMasi <«TOJICTas» BUHTOBas JIHHHUA, O KOTOPOH roBO-
pUJIOCH Bbile; GyeM UMEHOBaThb ee, JJIsi KPATKOCTH, cnupaavio. Jlyd
COCTOUT U3 1, ONUHAKOBHIX crinpaieii (cM. puc. 2.1). Cedenne Jyya Jio-
Goit mmockocThio, aexcateit B Cq, # opToronansHoit ero ocu Lin{q,},
HA30BEM TLONEPEYHBIM CEYeHUEM JIyda. Bee Takue cedeHMA MMeEIOT BUJ
Gurypsnl, oka3aHHoil Ha puc. 2.2.

Puc. 2.3. BuntoBas nuTh.

Urak, B KauecTBe NpOCTERLUErO CTPYKTYPHOI'O dJIEMEHTA, JIyda U TeM
caMbIM Bcefl 4aCTHIbI Mbl IIPUHUMAEM HUTb. Bbllie MbI MCHOJNL30BA-
J¥ peOioJIo’KeHHe, YTO HUTH [TOPOXKIAIOTCH KaXK A0 Toukoit purypsr,
NOKa3aHHO! Ha puc.2.2. B sToM ciyvae cnupann, obpazyeMble HUTS-
MU, SBJISIIOTCA CIUIOLIHBIMH TeJlaMH. MOXKHO, 0JHAaKO, OTKa3aTbCs OT
JAHHOIO TIPEJIIOJIONKEHUST U CYUTATD, YTO JIMIUb KAKHE-TO OIIpeNesieH-
HBbIE TOYKHU KaXKJOr0 KPYra, BXOLSAILEro B COCTaB yIOMSAHYTOM DUy phI,
MIOPOXKJIAIOT HUTH. B TakoM ciiydae cnmpanu OyAyT COCTOATH M3 JHC-
KpeTHoro Habopa nureil. Janee mpl OyzieM nosiaraTs BO3MOXKHBIMH 00a
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3TUX BapuaHTa. BoJsiee Toro, Mbl 6yeM JonycKaTh, YTO paclpeiesieHne
HUTel BHyTpHU CIIMpaJiell MOXKeT OBbITh KaK paBHOMEPHBLIM, TaK U Hepab-
HoMepHBIM. PaccMOTpeHHe Bompoca o pacnpelesieHAM HHTell BHyTpH
criupaJielt OTJIIOXKHUM J0 pa3z. 6. Bmecte ¢ TeMm GymeM camTaTh, 9TO KadiC-
duiti Ay wacmuys obaadaem ocesotl cummempueti NopAdKa N, TO €CTh
HUTH pAacrpefesieHbl BHYTPU ClIMpaJell TakuM o6pa3oM, 9To JIyd HpU-
XOOUT B COBMeUIeHWe caM ¢ coBoil pH MOBOpPOTE BOKPYT CBOEi OCH
(BayTpu nmognpocrpancrsa Cq,) Ha J060# yron, kpathsiit 27/n,. Hu-
TH pa3HbBIX CIUpaJtiel, npeobpa3ylomuecs ApyT B ApYTa PH TAKHAX [T0BO-
poTax, 6y/ieM Ha3bIBATL COOMEEMCMEEHNMY HUMAMY. [lomdepKHeM,
9YTO HUTb — FeOMETPUYIECKas JuHusA. [IpuHATHE reOMeTPUYECKOH JIHHAN
B KadYecTBe 3JIEMEHTAPHOrO «KUPIHYHKA» MOJENH MO3BOJAET, C OXHOU
CTOPOHBI, JaTh ITOMY O6BEKTY CTPOrOE MATEMATHYEKOE OMMCAHME H, C
JIpyro#i CTOpOHbI, H36exkaTh 06CY2KJeHUs BONPOCA O €ro BHYTPEHHEM
CTPOEHHH.

BoinumeMm ypasuenne Hutu. C 9TOI LEJIbIO 3aJ34UM B NPOCTpPaH-
crBenHONO06HO# iockoctu Lint{i, qo} mponssonbHbIA opTOHOpME-
poBaHHbIH 6a3uc {e;, ez} ¢ HavaJOM B LEHTpe 4YacTHubl (€] - €] =
ey-e; = —1; e;-ex = 0). Torna {e1, e3, o} — oproHOpMEUpO-
Bannbi 6asuc B Cq, (mpuuem Lint{i, qo} = Lin{e;, ez} u Cq, =
Lin{el, €y, qo} )

Vpasnenue numu ectb OObIYHOE ypaBHEHHME BHHTOBOH JIMHHH
(8 Tpexmeprom npocrpanctse Cq, ):

R=r7r, [cosuel +sinvey + ,Bi qo] , (2.3)
(o]

rae R — pajuyc-BeKTOpP TOUEK HUTH OTHOCHTENLHO Touk:u O, B KOTO-
PO HAXOAMTCH LEHTP YacTHlbl; To > 0 — pajuyc BUHTOBOH JIMHUHU,
v = x+1; x — yroxn B mnockocr Lin{e;, e;} mexay e; u paauycom-
BEKTOPOM TO#M TOUKH (Urypsl, H300parkeHHOH Ha pHUC. 2.2, KOTopas no-
POXKIaeT JAHHYIO HHTb; ) — GUHIMOBAA NEPEMEHHARA — YTOJ, Ha KO-
TOpEI# mpoeKknus paiauyca-sexkTopa R ma mmockocrs Lin{e;, ex} mo-
BOpauMBaeTCsl IpPH ABM)XKEHMH KOHIa BekTopa R Bions mumtu; 1 €
(—o0, +00) (3 orcunmThIBaeTcs OT pajuyca-BeKTOPa TOYKH (PUTYpHI,
nopoxaasoleit HuTh, To ecth Y = 0 npu R € Lin{e;, €2}, cm. puc. 2.3);
HaInpaBJieHie BO3PACTaHHUs YIJIOB V, X H 1 COBHAJAeT C HAIPaBJIEHUEM
KpaT4aiilllero mMoBOpOTa OT €; K €3; o > 0 — 6e3pa3MepHhiit mapa-
MeTp, XapaKTepHU3YIOIIuil mar HUTH; BEepXHUI 3HAK mepeJ MocjieIHUM
CJIaraeMbIM B IPABOY YaCTH ypaBHEHNS OTBEYAET CIy4alo, KOTAa OPHEH-
tauun B Cq, 6a3uca {e;, €2, Qo } ¥ BUHTOBOM HUTH COBNAAAIOT, HAXKHUI
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3HaK — KOTZa OHH IIPOTHBOIOJIOXKHBI (pHC. 2.3 COOTBETCTBYET IEPBOMY
U3 9THX CJIy4aes).

Ypasuenne HutH (2.3) MOXKeT GBITH 3AIKCAHO TAKXKE B 9KBUBAJIEHT-
HOH dopme:

R:roiﬂqo; (24)
Bo
rie
ro = To COSVe] + Tosinvey; (2.5)

BEKTOPBI I'o U (T6%/fo)do — cocraBisiomue paguyca-BekTopa R
BJOJIb B3aMMHO OPTOTOHAJbHBIX miockoctd Lint{i, qo} u ocu nyua
Lin{qo} (cm. puc. 2.3), npudyem BEKTOP rp IPOCTPAHCTBEHHONOAOGHBDIH,
a BeKTop +(ro9/03s)qo BpeMenunonoGusiit. U3 (2.5) crexyer, uro pa-
JMyC BUHTOBOM JIMHUK To = +/|To * To| (To € [ra — Px, Tu + pu] B caty-
vJae, KOTrda KPYTH Ha pHUC. 2.2 ABIAIOTCA 3aMKHYTBIMA MHO>K€CTBaMH, U
To € (T« — Du, Tw + D), €CIHM KPyTH — OTKpBITHIE MHOXKecTBa). OTMe-
THM, YTO €CJI BEKTOD (o U COCTaBisAIOmWAs pasuyca-sexropa R Brosb
OCH Jiy4a COHaIpaBJieHbl, To 11 > 0, ecsii ke HalpaBJieHUusl ITUX BEK-
TOpPOB NPOTHBONOJOXKHBI, To 3 < 0 (CMBICI BEpXHEr0 W HHXKHErO
3HAKOB YKa3aH B nosicHeHuu K ¢opmysne (2.3)).

3aHyMepyeM Kpyru Ha PHUC. 2.2 U OPOXOJsIye Yepe3 HUX CIUpaJU
nenbiMu 9uciaMu ot 0 JO N, — 1, HauuHAsA ¢ IPOU3BOIBLHOIO Kpyra (u
COOTBETCTBYIOIIEH CIIUPAJIN) U YBEJIUIHBASA UX HOMEPA B HANPABJICHUH
KpaT4aifllero noBopora or €; K €z. Torza yros v B bopmynax (2.3) u
(2.5) MoxeT OBITH NpEJCTABIIEH B BU/E

2
V=x+1/)=x<>+;;7££+¢, (2.6)

rae £ — HOMep CIHUpaliM, KOTOPOi HNPUHAJIEKHUT paccMaTpUBaeMas
aath (£ =10,1,2,...,n. — 1); xo — 3HaYEHHE YIJIa X VI HATH, KO-
TOpasi OTHOCHTCs K cnupasia Ne 0 1 sABJIsieTCs HUThIO, COOTBETCTBEHHOM
paccMaTpuBaemoit HutH; Xo € [0, 2w). U3 (2.3) u (2.6) BugHo, uro
yDaBHEHUSI COOTBETCTBEHHBIX HUTEH, MPHHAIIEXKAIIUX Pa3HbIM CIIHDa-
JIfiM, Pa3JIM9alOTCs JULIb CJIaraeMbIM, KPATHBIM 27 /nN,, B BbIPa’KCHHU
ansa yraa v. OTMeruM, 9TO yroi xo Urpaer pois ¢pasosoro yria (oH
ukcupyer yriosoe pacrosioxkenue Gpurypbl Ha puc. 2.2 OTHOCHTELHO
Gasuca {ei, e2}), ero BesMYMHA ONpPEAENACTCH, B YACTHOCTH, BHIGOpOM
6asuca {e;, €2} B Lin*{i, qo} u BEIGOpOM TO# U3 crupasedi, ¢ KOTO-
poii HauMHAETCA MX HyMEpPanusi; OCHOBHBIE [IOCJELYIOLUIHE Pe3YJIbTATHI
OT yTJjla Xo He 3aBUCAT.
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Iaz numu I Moxer 6bITb Haii/leH Kak pacCTOAHHE MEXJY JII0DbI-
MM JByMsI TOYKAMM HHUTH, JJIs1 KOTOPLIX 3HAYEHHs BUHTOBOH IepeMeH-
Ho#t ¢ pasmmuatorcst a 2m: 11 = |(Rly=y,42r) — (Rlyp=yo)| (o —
npou3BoJibHOE bHUKCHPOBaHHOEe 3HaUeH e yraa ). [Ipu ganHOM ciocobe
[OCTPOEHHU JIy4a — IOCPEACT30M BUHTOBOTO ABHXKEHUS U300 par<eHHOM
Ha puc. 2.2 dUrypsl — BCe HHTH, NPUHAJJIEXKAIIYE JIY1Y, UIMEIOT Ofy-
HAKOBBII! LIAar; B CBA3HM ¢ 3THUM OyJeM HaswiBaTh BesuuuHy I Takoke
WaA2oM CNUPAAL. Y IUTHIBAS CKa3aHHOE, ITOJIyYaeM ¢ IIOMOIIbIO y PABHE-
Hus (2.3):
I = 27re _ 27ry ’ @2.7)
Bo B
e TepBoe BbIPa’KEHHE OTHOCHTCS K MPOUM3BOJIBbHOH HUTH (XapakxTe-
pU3YIOEHCA PaJiyCoM Tg), & BTOPOE — K [EHTPAJIbHON HHTH (HMMe-
omell paguyc 7 ); depe3 [ obo3HAYEHO 3HaYeHME Mapamerpa Jo AJis
ueHTpaJibHOM HuTH. U3 (2.7) cneayer, uTo

Bo=pB"2. (2.8)
’r*

Orcrona BHAHO, YTO mapaMeTp [, IPONOPUUOHANEH PagUyCy HHTH To
(ubo B He 3aBHCHT OT To). IIpuHEMas BO BHUMaHMe, YTO Al BUHTO-
BOH JINHUM MIOCTOSIHEH BJOJIb BCell ee [UIMHBI, 3aK/II0YaeM Ha OCHOBAHUU
(2.7), uro mapamerpnl [, u § He 3aBUCAT OT BUHTOBOHU MEPEMEHHOM 1P
Ypasrenue ocu ayua (B JByX 9KBUBAJIEHTHBIX (POPMaX 3alHCH) I10-
JIYYMM, eCJIH IHOACTaBUM B ypasHenue HUTH (2.3) yucto PopManbHBIM
o6pa3oM 3HaYEHHUE pajuyca T,, PABHOE HYJIO, U BOCIIOJb3YEMCst 3aBHU-

camoctamu (2.7) u (2.8):

TP I
Ro =+ 3 Qo ; Rozi'ﬁ‘b, (2.9)
rae R, — pajuyc-BeKTOp TOYeK OCH Jlyda OTHOCHTeNbHO Touku O

3HAKHW B MPaBBIX YacCTAX PABEHCTB 33JAIOTCH TEM XK€ YCJIOBUEM, UITO
u B (2.3).

Hanpasasrouuti opm ¢ KacaTeJIbHON K HUTH OIPEJEJINM KaK HOPMH-
poBanHyio npousBoaaylo OR/J(xv). U3 ypasuenus (2.3), yuurbiBas
HE3aBUCHUMOCTb BEJIUYHH €1, €3, o, To, X, Bo OT BUHTOBOH [lepeMenHOM
1, HaxoouM:

q= ————[23—- [:Fsinr/e1 + cosves + —l—qol (upu Bo #1),
183 — 1] o
(2.10)
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3aech, Kak 1 B (2.3), (2.4) u (2.9), BepxHue 3HAKH OTBEYAIOT CJIy4alo
cosnagenns opuentauuit B Cq, 6asuca {ei, €3, o} ¥ HUTH, HIKHHE
3HAKHU OTBEYAIOT CJIy4alo UX HECOBIIAJEHMS; B IEPBOM U3 ITHX CJIy4aeB
6eperca npoussBonHas R mo +1), a Bo Bropom — mo —, 3T0 Aeha-
erca JJis TOro, 4Tobbl B 060ouX cllydasix BEKTOp q OblJl HAllpaBJeH B
CTOpOHy 6yayinero (To4nee, YTOOBI CrO COCTABAIOMAA BIOJb OCH JIy-
ga Lin{qo} 6bl1a coHampasiena ¢ qo). Ilpu B, > 1 HuTb sBAfETCH
npocrpaHcTBeHHononobnon muanel (q-q = —1),anpu 0< G, <1 —
BpeMeHunono6Hoit (q-q = 1). Eciu ke o = 1, To HUTh — H30TPOIHAs
JIAHHST; B 3TOM CJly4ae B KadecTBe 3HAUYEHHUS €€ HAIIPABJISIOUIErO BEKTO-
pa q MOXKHO UCIOJIB30BATH TO ke Boipakenue (2.10), Ho 6e3 HOPMHUPO-
BOYHOTO MHOXKHTEIA f[o/1/162 — 1| (npu stom q-q = 0). Toukoit npu-
JIOXKEHHsI BEKTOPA ( CYUTaeM KoHer| pajuyca-Bekropa R (eMm. puc. 2.3).

WTak, Mbl HOCTPOWJIN OfMH U3 Jydeil yacTunpl. OcTanpHble coCTaB-
JIAIONIMe YACTHUILY JIyUd CTPOATCA TaKuM ke criocobom. g mocneny-
IOLIEr0 BaX<HO, YTOOBI HUTH BCEX JIy4el UMEJN CO2AaCO8GHHBLE OPUEN -
mayuu. Ilox 3TuM TpeGoBaHMEM Mbl MOJPA3yMeBaeM BBIIIOJHEHHE Clle-
JYIOIHUX yCHAOBUi: a) AJiA Beex Jyueit 6asucst {i, €1, €z, o} UMeIOT B
npocrpaHcTse M OOMHAKOBYIO OpPHEHTALMIO; §) JUIsl BCex Jydeil 3Ha-
K1 B ypasHeHuu (2.3) mepej Hoc/efHUM ClaraeéMblM B IPABOil 1acTH
OJJIHAKOBBI.

ByneM cauTaTh, YTO HApAAy C STUMHU YCJIOBHSMH BBILIOTHSIOTCH €IUE
J(Ba: 8) BCe JIyIM HMEIOT OJJMHAKOBOE KOJIMIECTBO CIHpaJielf 7, 1 OJfHHa-
KOBbIE PRJHYChl T'x H Dy (HMHAYE rOBOPS, JIydH 0013 JaI0T OQUHAKOBLIMU
[ONepPeYHbIMU CEICHUAMH, TIOKA3AHHBIME Ha puc. 2.2); 2) JIy4H, Xapak-
TEPU3YIOUIMECS PA3JIMIHBIME 3HAYEHNSAMU YIVIa MeXK/Y BEKTOPaMH i u
Qo, uMeloT pasuble war [ u napamerp B, a jiyun ¢ OAUHAKOBBIMHU 3Ha~
YeHHSIMHM 9TOro yria uMmeror oguHaxosbie 111 n §. ObparuM BHUMaHHE
Ha TO, YTO YCJIOBUE 2 JiejIaeT 0OGbeKTUBHO BblAEIEHHBIM BEeKTOP 1 (B ToM
CMBICJIE, YTO ITOT BEKTOP MOXKET ObITh HalJieH No 3aJaHHOH Konudu-
rypauuy 4acTulpbl, 0OpasHo roBops, 1o ee MrHoBeHHOH dororpaduu).
LeficrBuTenbHO, U3 JAHHOTO YCJIOBHS BBITEKAET, YTO JIyYH YacTHIbI,
KOTOpPbIE XapaKTePU3YIOTCH OJHUM M TeM ke 3uadenueM mara I, ogu-
HAaKOBO HaKJIOHEHBI IO OTHOLIEHHUIO K IIPSIMOM, coleprKaileil BeKTOp i.
CilenoBaTenpHo 912 NpsiMasi MOXKET ObITh HalieHa IyTeM HM3MEpPEeHus:
mara 111 ayis pasubix jydeit yacTunpl. A Tak Kax BEKTOp i, IO ompe-
JeNIeHNI0, UMeeT eAMHUYHYIO AJIMHY, HAIIPABJIEH B CTOPOHY OYAYIUEro u
OTJIOXKEH OT IIEHTPA YaCTHUIbl, TO 33JAHHEM COJEpKallel ero MnpsaMou
OH OMpENEJISIeTCs MOJIHOCTHIO.

OueBnIHO, YTO IPH COBIIOJEHUH NIePEUUCIIEHHBIX YCIOBHI CHMMeT-
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pHsl 9acTHIIBI OIUCHLIBAETCA MOATPYIIIOH COGCTBEHHBIX IPOCTPAHCTBEH-
HBIX BpameHuil rpynnsl JlopeHua, coxpansiomux BekTop i (¢ ToUHO-
cThio 10 (ha30BOro yria o, He BIMSAIONIErO Ha IOCAEAYIOUINE PE3yiib-
TaThl, ¥ B IPEIIONIOKEHNH, YTO QUCKPETHBIH HAbOP ocelt JIydeit 3aMeHeH
KOHTHHYaJIbHBIM HX MHOXKecTBOM). TakuM 06pa3oM, npsiMasi, CoaepKa-
mas BEKTOP i, MI'PAET POJib OCU CUMMEMPUY YACTHLBI, & CAM BEKTOD 1
CIy>KUT HATPABASIOWMM OPTOM 3TOH OCH.

HazoBeM cobcmeennvim Gusuveckum npocmparcmeom HacTHLIbI
TPeXMEPHYIO MPOCTPAHCTBEHHONOZOOHYIO rUnepiaockoctb [y, IIpoxo-
ISMYI0 4epe3 LEHTP YacTHUIBI U OPTOIOHAILHYIO BeKTOpy i: [} =
Lin*{i}. Ceuenne uwactuup! runepmiockoctbio [\ 6yfeM MMeBOBATD
YEHMPANLHOM CEYEHUEM TACTHUIBI.

Teopema 2.1. Ilenmpaavioe cevenue wacmuyse npedcmasaiem
coboti COBOKYNHOCTND B8CEBO3MONCHBIM 0OPA3OM OPUEHMUPOBAHHHE PU-
2yp, u306padCERHBIT HA PUC. 2.2, KOMOPYLE UMENTN eQUHCMBEHH IO 00-
WY O 6CET HUT TONKY — UYEHMP LACTUYDL.

Joxasameavcmeo. Tax kax Lint{i, qo} C Lin‘{i} = I\ mpu
J060M qo, TO AJIS KaXKJAOro Jiyda mHopoxkjalomwas ero burypa (ne-
»amas B cooTsercTByiomeit wiockoctu Lint{i, qo}) comepxurca B
I',. BMecTe ¢ TeM HHKaKie HHble TOYKH Jiyded He nmpuHamyiexar .
Tocnennee BbiTekaeT u3 cienyomux coobpaxennii. Cornacuo (2.3)
R-i= £(ro¥/Bo)qo - i (ubo B cuny Lin{ei, e;} = Lint{i, qo}
BBIIOJIHsAETCA €1 -1 =€ -1 = 0). A mockosbKy qo -1 # 0 (Tak ¥ak qo
U i — BpeMeHHIION0GHbIE BEKTOPBI), TO IIpH JjioboM ¥ # 0 oka3bizaercst
R-i # 0, To ecTb pamuyc-BeKTOp TO4YeK HUTH R MMeeT HeHyI/eByIO
COCTaBJIAONLYIO B HalpasJjieHuu, oproroHanbuoM [y. Crnenosareisbho,
R ¢ I, upu ¥ # 0, a 3T0 ¥ O3HAYAET, YTO TOUKU HUTEH, HE OTHO-
camuecs K ynoMsaHyTbiM durypam, He sexat B . BceBo3aMozxHOCTD
opueHTauuil yka3aHHbIX duryp B [ 00ycioBieHa NPOU3BOJIBHOCTHIO
HalpaBJIeHU ocelf Jydelf BHYTPH CBETOBOro KoHyca. Beseacrsre Bce-
BO3MOYKHOCTH OpueHTanuit uryp B Iy, UEHTD YaCTHLBI SABJISIETCS €IUH-
cTBeHHOMU 0b6nieit Toukoit Bcex dhuryp. B

OO6paTiM BHIMaHKE Ha TO 0OCTOATENBCTBO, YTO Y BCEX JIyUei, y KO-
TOPBIX OCH JIeXKAT B ofHoM mnockoctu Lin{i, qo} (rae qo — opt ocu on-
HOTO M3 ITUX Jiy4eil), IONEPeUHbIE CeYeHHUs1, IPOXOASIINE Yepe3 HeHTP
YACTHIIBI, TAKKE JIEXAT B OJHOK IUI0CKOCTH (a mMeHHo, B Lint (i, qo}).
B cBsi3u ¢ 3THM MOXKHO Ob1JIO OBI IPUHATH, YTO TAKHUE JIyYH UMEIOT B 1
onHo obuee cedeHue. Mbl, ogHako, OyeM pacCMaTpUBaTh 3TH CEYeHUs]
KaK pa3Hble, XOTsl U HaJIaralomuecs: APyr Ha JApyra.
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